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About half-discrete Hilbert-type inequalities with the non-homogeneous kernels, Hardy *et al.* provided a few results in Theorem 351 of \[[@CR1]\]. Yang \[[@CR25]\] gave an inequality with the kernel $\documentclass[12pt]{minimal}
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In this paper, by means of the weight functions, the technique of real analysis and Hermite-Hadamard's inequality, a more accurate half-discrete Hardy-Hilbert-type inequality related to the kernel of logarithmic function and a best possible constant factor is given, which is an extension of ([8](#Equ8){ref-type=""}) in a particular kernel of degree 0 similar to ([7](#Equ7){ref-type=""}). The equivalent forms, the operator expressions, the equivalent reverses and some particular cases are also considered.
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{p}+\frac{1}{q}=1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\sigma<\gamma$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma\leq 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta\in\{-1,1\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x),a_{n}\geq0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\mathbf{R}_{+}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \mathbf{N}$\end{document}$), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert f \Vert _{p,\Phi_{\delta}}=(\int _{0}^{\infty}\Phi_{\delta }(x)f^{p}(x)\,dx)^{\frac{1}{p}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert a \Vert _{q,\widetilde {\Psi}}=(\sum_{n=1}^{\infty}\widetilde{\Psi}(n)b_{n}^{q})^{\frac{1}{q}}$\end{document}$, where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi_{\delta}(x):=\frac{U^{p(1-\delta\sigma)-1}(x)}{\mu^{p-1}(x)},\quad\quad \widetilde{\Psi}(n):= \frac{\widetilde{V}_{n}^{q(1-\sigma)-1}}{\nu _{n}^{q-1}} \quad (x\in\mathbf{R}_{+},n\in\mathbf{N}). $$\end{document}$$

Example 1 {#FPar1}
---------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho>0$\end{document}$, we set $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h(t):=\ln\biggl(1+\frac{\rho}{t^{\gamma}}\biggr) \quad (t\in\mathbf{R}_{+}). $$\end{document}$$

\(i\) Setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u=\rho t^{-\gamma}$\end{document}$, we find $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} k(\sigma) :=& \int_{0}^{\infty}t^{\sigma-1}\ln\biggl(1+ \frac{\rho }{t^{\gamma}}\biggr)\,dt \\ =&\frac{\rho^{\sigma/\gamma}}{\gamma} \int_{0}^{\infty}u^{\frac {-\sigma }{\gamma}-1}\ln(1+u)\,du= \frac{-\rho^{\sigma/\gamma}}{\sigma}\int_{0}^{\infty}\ln(1+u)\,du^{\frac{-\sigma}{\gamma}} \\ =&-\frac{\rho^{\sigma/\gamma}}{\sigma} \biggl[ u^{\frac{-\sigma }{\gamma}}\ln(1+u)|_{0}^{\infty}- \int_{0}^{\infty}\frac{u^{\frac{-\sigma }{\gamma}}}{1+u}\,du \biggr] \\ =&\frac{\rho^{\sigma/\gamma}}{\sigma} \int_{0}^{\infty}\frac {u^{-\frac{\sigma}{\gamma}}}{1+u}\,du= \frac{\rho^{\sigma/\gamma}\pi}{\sigma \sin\pi (1- \frac{ \sigma}{\gamma})}=\frac{\rho^{\sigma/\gamma}\pi}{\sigma \sin(\frac{\pi\sigma}{\gamma})}. \end{aligned}$$ \end{document}$$

\(ii\) We obtain, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(t)=\ln(1+\frac{\rho}{t^{\gamma}})>0$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{d}{dt}h(t)=\frac{-\rho\gamma}{(t^{\gamma}+\rho)t}< 0,\quad\quad \frac {d^{2}}{dt^{2}}h(t)>0. $$\end{document}$$ It is evident that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma\leq1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t^{\sigma-1}h(t)>0$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{d}{dt}\bigl(t^{\sigma-1}h(t)\bigr)< 0,\quad\quad \frac{d^{2}}{dt^{2}} \bigl(t^{\sigma-1}h(t)\bigr)>0. $$\end{document}$$

\(iii\) Since for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in\mathbf{N}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V(y)>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V^{\prime}(y)=\nu _{n}>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V^{\prime \prime}(y)=0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y\in(n-\frac{1}{2},n+\frac{1}{2})$\end{document}$), then, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c>0$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& h\bigl(cV(y)\bigr)V^{\sigma-1}(y) > 0,\quad\quad \frac{d}{dy}\bigl(h\bigl(cV(y) \bigr)V^{\sigma-1}(y)\bigr)< 0, \\& \frac{d^{2}}{dy^{2}}\bigl(h\bigl(cV(y)\bigr)V^{\sigma-1}(y)\bigr) > 0\quad \biggl(y\in\biggl(n-\frac {1}{2},n+\frac{1}{2}\biggr) \biggr). \end{aligned}$$ \end{document}$$

Lemma 1 {#FPar2}
-------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(t)>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g^{\prime}(t)<0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g^{\prime\prime}(t)>0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in (\frac{1}{2},\infty)$\end{document}$), *satisfying* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{\frac{1}{2} }^{\infty}g(t)\,dt\in\mathbf{R}_{+}$\end{document}$, *then we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{1}^{\infty}g(t)\,dt< \sum _{n=1}^{\infty}g(n)< \int_{\frac {1}{2}}^{\infty }g(t)\,dt. $$\end{document}$$

Proof {#FPar3}
-----

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n_{0}\in\mathbf{N}\backslash\{1\}$\end{document}$, by the assumptions and Hermite-Hadamard's inequality (*cf.* \[[@CR31]\]), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{n}^{n+1}g(t)\,dt< g(n)< \int_{n-\frac{1}{2}}^{n+\frac{1}{2}}g(t)\,dt \quad (n=1,\ldots,n_{0}). $$\end{document}$$ It follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< \int_{1}^{n_{0}+1}g(t)\,dt< \sum _{n=1}^{n_{0}}g(n)< \sum_{n=1}^{n_{0}} \int _{n-\frac{1}{2}}^{n+\frac{1}{2}}g(t)\,dt= \int_{\frac{1}{2}}^{n_{0}+\frac{1}{2} }g(t)\,dt< \infty. $$\end{document}$$ In the same way, we still have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< \int_{n_{0}+1}^{\infty}g(t)\,dt\leq\sum _{n=n_{0}+1}^{\infty}g(n)\leq \int_{n_{0}+\frac{1}{2}}^{\infty}g(t)\,dt< \infty. $$\end{document}$$ Hence, adding the above two inequalities, we have ([10](#Equ10){ref-type=""}). The lemma is proved. □

Lemma 2 {#FPar4}
-------

*Assuming that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho>0$\end{document}$, *we define the following weight functions*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \omega_{\delta}(\sigma,x) : =\sum_{n=1}^{\infty} \frac{U^{\delta \sigma }(x)\nu_{n}}{\widetilde{V}_{n}^{1-\sigma}}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] ,\quad x\in \mathbf{R}_{+}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \varpi_{\delta}(\sigma,n) : = \int_{0}^{\infty}\frac{\widetilde{V}_{n}^{\sigma}\mu(x)}{U^{1-\delta\sigma}(x)}\ln \biggl[ 1+ \frac{\rho }{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] \,dx,\quad n\in\mathbf{N}. \end{aligned}$$ \end{document}$$ *Then we have the following inequalities*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \omega_{\delta}(\sigma,x) < k(\sigma) \quad (x\in\mathbf{R}_{+}), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \varpi_{\delta}(\sigma,n) \leq k(\sigma) \quad (n\in\mathbf{N}), \end{aligned}$$ \end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k(\sigma)$\end{document}$ *is determined by* ([9](#Equ9){ref-type=""}).

Proof {#FPar5}
-----

Since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} V(n) =& \int_{\frac{1}{2}}^{n+\frac{1}{2}}\nu(t)\,dt-\frac{\nu _{n}}{2}=V_{n}-\frac{\nu_{n}}{2} \\ \leq&\widetilde{V}_{n}\leq V_{n}=V\biggl(n+ \frac{1}{2}\biggr), \end{aligned}$$ \end{document}$$ and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in(n-\frac{1}{2},n+\frac{1}{2})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V^{\prime}(t)=\nu_{n}$\end{document}$, by Examples [1](#FPar1){ref-type="sec"}(ii)-(iii), ([16](#Equ16){ref-type=""}), ([11](#Equ11){ref-type=""}) and ([10](#Equ10){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \frac{U^{\delta\sigma}(x)\nu_{n}}{\widetilde{V}_{n}^{1-\sigma }}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] \\& \quad \leq \frac{U^{\delta\sigma}(x)\nu_{n}}{V^{1-\sigma}(n)}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)V(n))^{\gamma}} \biggr] \\& \quad < \int_{n-\frac{1}{2}}^{n+\frac{1}{2}}\frac{U^{\delta\sigma }(x)V^{\prime }(t)}{V^{1-\sigma}(t)}\ln \biggl[ 1+ \frac{\rho}{(U^{\delta }(x)V(t))^{\gamma}} \biggr] \,dt \quad (n\in\mathbf{N}), \\& \begin{aligned} \omega_{\delta}(\sigma,x) &< \sum_{n=1}^{\infty} \int_{n-\frac {1}{2}}^{n+\frac{1}{2}}\frac{U^{\delta\sigma}(x)V^{\prime}(t)}{V^{1-\sigma }(t)}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)V(t))^{\gamma}} \biggr] \,dt \\ &= \int_{\frac{1}{2}}^{\infty}\frac{U^{\delta\sigma}(x)V^{\prime }(t)}{V^{1-\sigma}(t)}\ln \biggl[ 1+ \frac{\rho}{(U^{\delta}(x)V(t))^{\gamma }} \biggr] \,dt. \end{aligned} \end{aligned}$$ \end{document}$$ Setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u=U^{\delta}(x)V(t)$\end{document}$ in the above, by ([9](#Equ9){ref-type=""}), we find $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \omega_{\delta}(\sigma,x) < & \int_{0}^{U^{\delta}(x)V(\infty)}\ln \biggl(1+\frac{\rho}{u^{\gamma}}\biggr)\frac{U^{\delta\sigma}(x)U^{-\delta}(x)}{(uU^{-\delta}(x))^{1-\sigma}}\,du \\ \leq& \int_{0}^{\infty}u^{\sigma-1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du=k(\sigma). \end{aligned}$$ \end{document}$$ Hence, ([14](#Equ14){ref-type=""}) follows.

Setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u=\widetilde{V}_{n}U^{\delta}(x)$\end{document}$ in ([13](#Equ13){ref-type=""}), we find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$du=\delta\widetilde{V}_{n}U^{\delta-1}(x)\mu(x)\,dx$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \varpi_{\delta}(\sigma,n) =&\frac{1}{\delta} \int_{\widetilde{V}_{n}U^{\delta}(0)}^{\widetilde{V}_{n}U^{\delta}(\infty)}\frac {\widetilde{V}_{n}^{\sigma}\widetilde{V}_{n}^{-1}(\widetilde{V}_{n}^{-1}u)^{\frac {1}{\delta}-1}}{(\widetilde{V}_{n}^{-1}u)^{\frac{1}{\delta}-\sigma}}\ln \biggl(1+\frac{\rho}{u^{\gamma}}\biggr)\,du \\ =&\frac{1}{\delta} \int_{\widetilde{V}_{n}U^{\delta}(0)}^{\widetilde {V}_{n}U^{\delta}(\infty)}u^{\sigma-1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du. \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta=1$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varpi_{1}(\sigma,n)= \int_{0}^{\widetilde{V}_{n}U(\infty)}u^{\sigma -1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du\leq \int_{0}^{\infty}u^{\sigma -1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du; $$\end{document}$$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta=-1$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varpi_{-1}(\sigma,n)=- \int_{\infty}^{\widetilde{V}_{n}/U(\infty )}u^{\sigma-1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du\leq \int_{0}^{\infty }u^{\sigma-1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du. $$\end{document}$$ Then by ([9](#Equ9){ref-type=""}), we have ([15](#Equ15){ref-type=""}). The lemma is proved. □

Note {#FPar6}
----

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$U(\infty)=\infty$\end{document}$, then ([15](#Equ15){ref-type=""}) keeps the form of an equality.

Lemma 3 {#FPar7}
-------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho>0$\end{document}$, *there exists a* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n_{0}\in\mathbf{N}$\end{document}$, *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\nu_{n}\geq\nu_{n+1}$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \{n_{0},n_{0}+1,\ldots\}$\end{document}$), *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V_{\infty}=\infty$\end{document}$, *then*: (i)* for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in \mathbf{R}_{+}$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ k(\sigma) \bigl(1-\theta_{\delta}(\sigma,x)\bigr)< \omega_{\delta}( \sigma,x), $$\end{document}$$ *where* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \theta_{\delta}(\sigma,x) :=&\frac{1}{k(\sigma)} \int_{0}^{U^{\delta }(x)V_{n_{0}}}u^{\sigma-1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du \\ =&O\bigl(\bigl(U(x)\bigr)^{\frac{\delta\sigma}{2}}\bigr)\in(0,1); \end{aligned}$$ \end{document}$$ (ii) *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b>0$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty}\frac{\nu_{n}}{\widetilde{V}_{n}^{1+b}}= \frac{1}{b} \biggl( \frac{1}{V _{n_{0}}^{b}}+bO(1) \biggr) . $$\end{document}$$

Proof {#FPar8}
-----

\(i\) Since for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in(n,n+1)$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq n_{0}$\end{document}$), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\nu _{n}\geq \nu_{n+1}=V^{\prime}(t+\frac{1}{2})$\end{document}$, by Examples [1](#FPar1){ref-type="sec"}(iii) and ([11](#Equ11){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \omega_{\delta}(\sigma,x) \geq&\sum_{n=n_{0}}^{\infty} \ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)V_{n})^{\gamma}} \biggr] \frac{U^{\delta \sigma }(x)\nu_{n}}{V_{n}^{1-\sigma}} \\ =&\sum_{n=n_{0}}^{\infty}\ln \biggl[ 1+ \frac{\rho}{(U^{\delta}(x)V(n+ \frac{1}{2}))^{\gamma}} \biggr] \frac{U^{\delta\sigma}(x)\nu_{n}}{V^{1-\sigma}(n+\frac{1}{2})} \\ >&\sum_{n=n_{0}}^{\infty} \int_{n}^{n+1}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)V(t+\frac{1}{2}))^{\gamma}} \biggr] \frac{U^{\delta \sigma }(x)V^{\prime}(t+\frac{1}{2})\,dt}{V^{1-\sigma}(t+\frac{1}{2})} \\ =& \int_{n_{0}}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta }(x)V(t+\frac{1}{2}))^{\gamma}} \biggr] \frac{U^{\delta\sigma}(x)V^{\prime}(t+\frac {1}{2})\,dt}{V^{1-\sigma}(t+\frac{1}{2})}. \end{aligned}$$ \end{document}$$ Setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u=U^{\delta}(x)V(t+\frac{1}{2})$\end{document}$ in the above, in view of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V_{\infty}=\infty$\end{document}$, by ([9](#Equ9){ref-type=""}), we find $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned} \omega_{\delta}(\sigma,x) &> \int_{U^{\delta}(x)V(n_{0}+\frac{1}{2})}^{\infty}u^{\sigma-1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du \\ &=k(\sigma)- \int_{0}^{U^{\delta}(x)V_{n_{0}}}u^{\sigma-1}\ln \biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du \\ &=k(\sigma) \bigl(1-\theta_{\delta}(\sigma,x)\bigr), \end{aligned} \\& \theta_{\delta}(\sigma,x) =\frac{1}{k(\sigma)} \int_{0}^{U^{\delta }(x)V_{n_{0}}}u^{\sigma-1}\ln\biggl(1+ \frac{\rho}{u^{\gamma}}\biggr)\,du\in(0,1). \end{aligned}$$ \end{document}$$

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(u)=u^{\frac{\sigma}{2}}\ln(1+\frac{\rho}{u^{\gamma}})$\end{document}$ is continuous in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,\infty)$\end{document}$ satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(u)\rightarrow0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\rightarrow 0^{+}$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\rightarrow\infty$\end{document}$), there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L>0$\end{document}$, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$F(u)\leq L$\end{document}$, namely, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ln\biggl(1+\frac{\rho}{u^{\gamma}}\biggr)\leq Lu^{\frac{-\sigma}{2}} \quad \bigl(u\in (0, \infty)\bigr). $$\end{document}$$ Hence we find $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< \theta_{\delta}(\sigma,x)\leq\frac{L}{k(\sigma)} \int _{0}^{U^{\delta }(x)V_{n_{0}}}u^{\frac{\sigma}{2}-1}\,du= \frac{2L(U^{\delta }(x)V_{n_{0}})^{\sigma/2}}{k(\sigma)\sigma}, $$\end{document}$$ and then ([18](#Equ18){ref-type=""}) follows.

\(ii\) For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$b>0$\end{document}$, by ([11](#Equ11){ref-type=""}), we find $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned} \sum_{n=1}^{\infty}\frac{\nu_{n}}{\widetilde{V}_{n}^{1+b}} &\leq \sum_{n=1}^{n_{0}}\frac{\nu_{n}}{\widetilde{V}_{n}^{1+b}}+ \sum_{n=n_{0}+1}^{\infty}\frac{\nu_{n}}{V^{1+b}(n)} \\ &\leq\sum_{n=1}^{n_{0}}\frac{\nu_{n}}{\widetilde{V}_{n}^{1+b}}+ \sum_{n=n_{0}+1}^{\infty} \int_{n-\frac{1}{2}}^{n+\frac{1}{2}}\frac{V^{\prime}(t)}{V^{1+b}(t)}\,dt \\ &=\sum_{n=1}^{n_{0}}\frac{\nu_{n}}{\widetilde{V}_{n}^{1+b}}+ \int _{n_{0}+\frac{1}{2}}^{\infty}\frac{dV(t)}{V^{1+b}(t)} \\ &=\frac{1}{b} \Biggl( \frac{1}{V_{n_{0}}^{b}}+b\sum _{n=1}^{n_{0}}\frac {\nu _{n}}{\widetilde{V}_{n}^{1+b}} \Biggr) ; \end{aligned} \\& \begin{aligned} \sum_{n=1}^{\infty}\frac{\nu_{n}}{\widetilde{V}_{n}^{1+b}} &\geq \sum_{n=n_{0}}^{\infty}\frac{\nu_{n+1}}{V^{1+b}(n+\frac{1}{2})}\geq \sum _{n=n_{0}}^{\infty} \int_{n}^{n+1}\frac{V^{\prime}(t+\frac{1}{2})}{ V^{1+b}(t+\frac{1}{2})}\,dt \\ &= \int_{n_{0}}^{\infty}\frac{dV(t+\frac{1}{2})}{V^{1+b}(t+\frac {1}{2})}=\frac{1}{bV^{b}(n_{0}+\frac{1}{2})}=\frac{1}{bV_{n_{0}}^{b}}. \end{aligned} \end{aligned}$$ \end{document}$$ Hence we have ([19](#Equ19){ref-type=""}). The lemma is proved. □

Note {#FPar9}
----

For example, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$\nu_{n}=\frac{1}{n^{\beta}}$\end{document}$ ($\documentclass[12pt]{minimal}
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                \begin{document}$n\in \mathbf{N}$\end{document}$; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq\beta\leq1$\end{document}$) satisfies the conditions of Lemma [3](#FPar7){ref-type="sec"} (for $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n_{0}=1$\end{document}$).

Main results and operator expressions {#Sec3}
=====================================

Theorem 1 {#FPar10}
---------

*If* $\documentclass[12pt]{minimal}
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                \begin{document}$\rho>0$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k(\sigma)$\end{document}$ *is determined by* ([9](#Equ9){ref-type=""}), *then*, *for* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$0< \Vert f \Vert _{p,\Phi _{\delta}}$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert a \Vert _{q,\widetilde{\Psi}}<\infty$\end{document}$, *we have the following equivalent inequalities*: $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& I:=\sum_{n=1}^{\infty} \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] a_{n}f(x)\,dx< k(\sigma ) \Vert f \Vert _{p,\Phi_{\delta}} \Vert a \Vert _{q,\widetilde{\Psi}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned}[b] J_{1} &:= \Biggl\{ \sum_{n=1}^{\infty} \frac{\nu_{n}}{\widetilde{V}_{n}^{1-p\sigma}} \biggl[ \int_{0}^{\infty}\ln \biggl( 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr) f(x)\,dx \biggr] ^{p} \Biggr\} ^{\frac{1}{p}} \\ &< k(\sigma) \Vert f \Vert _{p,\Phi_{\delta}}, \end{aligned} \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned}[b] J_{2} &:= \Biggl\{ \int_{0}^{\infty}\frac{\mu(x)}{U^{1-q\delta\sigma }(x)} \Biggl[ \sum_{n=1}^{\infty}\ln \biggl( 1+ \frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr) a_{n} \Biggr] ^{q}\,dx \Biggr\} ^{\frac {1}{q}} \\ &< k(\sigma) \Vert a \Vert _{q,\widetilde{\Psi}}. \end{aligned} \end{aligned}$$ \end{document}$$

Proof {#FPar11}
-----

By Hölder's inequality with weight (*cf.* \[[@CR31]\]), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \biggl\{ \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] f(x)\,dx \biggr\} ^{p} \\& \quad = \biggl\{ \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] \biggl[ \frac{U^{\frac{1-\delta \sigma}{q}}(x)f(x)}{\widetilde{V}_{n}^{\frac{1-\sigma}{p}}\mu^{\frac {1}{q}}(x)} \biggr] \biggl[ \frac{\widetilde{V}_{n}^{\frac{1-\sigma}{p}}\mu^{\frac {1}{q}}(x)}{U^{\frac{1-\delta\sigma}{q}}(x)} \biggr] \,dx \biggr\} ^{p} \\& \quad \leq \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta }(x)\widetilde{V}_{n})^{\gamma}} \biggr] \biggl[ \frac{U^{\frac{p(1-\delta\sigma)}{q}}(x)f^{p}(x)}{\widetilde{V}_{n}^{1-\sigma}\mu^{\frac{p}{q}}(x)} \biggr] \,dx \\& \quad\quad{} \times \biggl\{ \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta }(x)\widetilde{V}_{n})^{\gamma}} \biggr] \frac{\widetilde{V}_{n}^{(1-\sigma )(q-1)}\mu(x)}{U^{1-\delta\sigma}(x)}\,dx \biggr\} ^{p-1} \\& \quad =\frac{(\varpi_{\delta}(\sigma,n))^{p-1}}{\widetilde{V}_{n}^{p\sigma -1}\nu_{n}} \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] \frac{U^{(1-\delta\sigma )(p-1)}(x)\nu _{n}}{\widetilde{V}_{n}^{1-\sigma}\mu^{p-1}(x)}f^{p}(x)\,dx. \end{aligned}$$ \end{document}$$

In view of ([15](#Equ15){ref-type=""}) and Lebesgue term by term integration theorem (*cf.* \[[@CR32]\]), we find $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} J_{1} \leq&\bigl(k(\sigma)\bigr)^{\frac{1}{q}} \Biggl\{ \sum _{n=1}^{\infty } \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde {V}_{n})^{\gamma}} \biggr] \frac{U^{(1-\delta\sigma)(p-1)}(x)\nu_{n}}{\widetilde{V}_{n}^{1-\sigma}\mu^{p-1}(x)}f^{p}(x)\,dx \Biggr\} ^{\frac{1}{p}} \\ =&\bigl(k(\sigma)\bigr)^{\frac{1}{q}} \Biggl\{ \int_{0}^{\infty}\sum_{n=1}^{\infty } \ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] \frac{U^{(1-\delta\sigma)(p-1)}(x)\nu_{n}}{\widetilde{V}_{n}^{1-\sigma}\mu^{p-1}(x)}f^{p}(x)\,dx \Biggr\} ^{\frac{1}{p}} \\ =&\bigl(k(\sigma)\bigr)^{\frac{1}{q}} \biggl[ \int_{0}^{\infty}\omega_{\delta }(\sigma,x) \frac{U^{p(1-\delta\sigma)-1}(x)}{\mu^{p-1}(x)}f^{p}(x)\,dx \biggr] ^{\frac{1}{p}}. \end{aligned}$$ \end{document}$$ Then by ([14](#Equ14){ref-type=""}), we have ([21](#Equ21){ref-type=""}). By Hölder's inequality (*cf.* \[[@CR31]\]), we have $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} I =&\sum_{n=1}^{\infty} \biggl\{ \frac{\nu_{n}^{\frac {1}{p}}}{\widetilde{V}_{n}^{\frac{1}{p}-\sigma}} \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] f(x)\,dx \biggr\} \biggl( \frac{\widetilde{V}_{n}^{\frac{1}{p}-\sigma}a_{n}}{\nu_{n}^{\frac {1}{p}}} \biggr) \\ \leq&J_{1} \Vert a \Vert _{q,\widetilde{\Psi}}. \end{aligned}$$ \end{document}$$ In view of ([21](#Equ21){ref-type=""}), we have ([20](#Equ20){ref-type=""}). On the other hand, assuming that ([20](#Equ20){ref-type=""}) is valid, we set $$\documentclass[12pt]{minimal}
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                \begin{document}$$a_{n}:=\frac{\nu_{n}}{\widetilde{V}_{n}^{1-p\sigma}} \biggl\{ \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V} _{n})^{\gamma}} \biggr] f(x)\,dx \biggr\} ^{p-1},\quad n\in\mathbf{N}. $$\end{document}$$ Then we find $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$J_{1}^{p}= \Vert a \Vert _{q,\widetilde{\Psi }}^{q}$\end{document}$. If $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{1}=0$\end{document}$, then ([21](#Equ21){ref-type=""}) is trivially valid; if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{1}=\infty$\end{document}$, then ([21](#Equ21){ref-type=""}) remains impossible. Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< J_{1}<\infty$\end{document}$. By ([20](#Equ20){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert a \Vert _{q,\widetilde{\Psi}}^{q}=J_{1}^{p}=I< k( \sigma ) \Vert f \Vert _{p,\Phi_{\delta }} \Vert a \Vert _{q,\widetilde{\Psi}},\quad\quad \Vert a \Vert _{q,\widetilde{\Psi}}^{q-1}=J_{1}< k(\sigma) \Vert f \Vert _{p,\Phi_{\delta}}, $$\end{document}$$ and then ([21](#Equ21){ref-type=""}) follows, which is equivalent to ([20](#Equ20){ref-type=""}).

Still by Hölder's inequality with weight (*cf.* \[[@CR31]\]), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \Biggl\{ \sum_{n=1}^{\infty}\ln \biggl[ 1+ \frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] a_{n} \Biggr\} ^{q} \\& \quad = \Biggl\{ \sum_{n=1}^{\infty}\ln \biggl[ 1+ \frac{\rho}{(U^{\delta}(x) \widetilde{V}_{n})^{\gamma}} \biggr] \biggl( \frac{U^{\frac{1-\delta \sigma}{q}}(x)\nu_{n}^{\frac{1}{p}}}{\widetilde{V}_{n}^{\frac{1-\sigma}{p}}} \biggr) \biggl( \frac{\widetilde{V}_{n}^{\frac{1-\sigma }{p}}a_{n}}{U^{\frac{1-\delta\sigma}{q}}(x)\nu_{n}^{\frac{1}{p}}} \biggr) \Biggr\} ^{q} \\& \quad \leq \Biggl\{ \sum_{n=1}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta }(x)\widetilde{V}_{n})^{\gamma}} \biggr] \frac{U^{(1-\delta\sigma )(p-1)}(x)\nu _{n}}{\widetilde{V}_{n}^{1-\sigma}} \Biggr\} ^{q-1} \\& \quad \quad{} \times\sum_{n=1}^{\infty}\ln \biggl[1+ \frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] \frac{\widetilde{V}_{n}^{\frac{q(1-\sigma)}{p}}}{U^{1-\delta\sigma}(x)\nu_{n}^{q-1}}a_{n}^{q} \\& \quad = \frac{(\omega_{\delta}(\sigma,x))^{q-1}}{U^{q\delta\sigma -1}(x)\mu (x)}\sum_{n=1}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U^{\delta }(x)\widetilde{V}_{n})^{\gamma}} \biggr] \frac{\widetilde{V}_{n}^{(1-\sigma)(q-1)}\mu (x)}{U^{1-\delta\sigma}(x)\nu_{n}^{q-1}}a_{n}^{q}. \end{aligned}$$ \end{document}$$ Then by ([14](#Equ14){ref-type=""}) and Lebesgue term by term integration theorem (*cf.* \[[@CR32]\]), it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} J_{2} < &\bigl(k(\sigma)\bigr)^{\frac{1}{p}} \Biggl\{ \int_{0}^{\infty}\sum_{n=1}^{\infty } \ln \biggl[ 1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma}} \biggr] \frac{\widetilde{V}_{n}^{(1-\sigma)(q-1)}\mu(x)}{U^{1-\delta \sigma}(x)\nu_{n}^{q-1}}a_{n}^{q}\,dx \Biggr\} ^{\frac{1}{q}} \\ =&\bigl(k(\sigma)\bigr)^{\frac{1}{p}} \Biggl\{ \sum _{n=1}^{\infty} \int _{0}^{\infty }\ln \biggl[1+\frac{\rho}{(U^{\delta}(x)\widetilde{V}_{n})^{\gamma }} \biggr] \frac{\widetilde{V}_{n}^{(1-\sigma)(q-1)}\mu(x)}{U^{1-\delta\sigma }(x)\nu_{n}^{q-1}}a_{n}^{q}\,dx \Biggr\} ^{\frac{1}{q}} \\ =&\bigl(k(\sigma)\bigr)^{\frac{1}{p}} \Biggl[ \sum _{n=1}^{\infty}\varpi_{\delta }(\sigma,n) \frac{\widetilde{V}_{n}^{q(1-\sigma)-1}}{\nu_{n}^{q-1}}a_{n}^{q} \Biggr] ^{\frac{1}{q}}. \end{aligned}$$ \end{document}$$ In view of ([15](#Equ15){ref-type=""}), we have ([22](#Equ22){ref-type=""}). By Hölder's inequality (*cf.* \[[@CR31]\]), we have $$\documentclass[12pt]{minimal}
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Therefore, inequalities ([20](#Equ20){ref-type=""}), ([21](#Equ21){ref-type=""}) and ([22](#Equ22){ref-type=""}) are equivalent. The theorem is proved. □

Theorem 2 {#FPar12}
---------
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Definition 1 {#FPar14}
------------
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Definition 2 {#FPar15}
------------
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Some equivalent reverses {#Sec4}
========================
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Theorem 3 {#FPar16}
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Proof {#FPar17}
-----

By the reverse Hölder inequality with weight (*cf.* \[[@CR31]\]), since $\documentclass[12pt]{minimal}
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Still by the reverse Hölder inequality with weight (*cf.* \[[@CR31]\]), since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< q<1$\end{document}$, in a similar way to obtaining ([26](#Equ26){ref-type=""}) and ([27](#Equ27){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Therefore, inequalities ([41](#Equ41){ref-type=""}), ([42](#Equ42){ref-type=""}) and ([43](#Equ43){ref-type=""}) are equivalent.
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Theorem 4 {#FPar18}
---------
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Proof {#FPar19}
-----

By the reverse Hölder inequality with weight (*cf.* \[[@CR31]\]), since $\documentclass[12pt]{minimal}
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Therefore, inequalities ([46](#Equ46){ref-type=""}), ([47](#Equ47){ref-type=""}) and ([48](#Equ48){ref-type=""}) are equivalent.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K=k(\sigma)$\end{document}$ is the best possible constant factor of ([46](#Equ46){ref-type=""}). The constant factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k(\sigma)$\end{document}$ in ([47](#Equ47){ref-type=""}) (([48](#Equ48){ref-type=""})) is still the best possible. Otherwise, we would reach the contradiction by ([49](#Equ49){ref-type=""}) (([50](#Equ50){ref-type=""})) that the constant factor in ([46](#Equ46){ref-type=""}) is not the best possible. The theorem is proved. □

Remark {#FPar20}
------

\(i\) For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta=-1$\end{document}$ in ([20](#Equ20){ref-type=""}), we obtain the following inequality with the homogeneous kernel of degree 0: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty} \int_{0}^{\infty}\ln \biggl[ 1+\rho \biggl( \frac {U(x)}{\widetilde{V}_{n}} \biggr) ^{\gamma} \biggr] a_{n}f(x)\,dx< \frac{\rho ^{\sigma /\gamma}\pi}{\sigma\sin(\frac{\pi\sigma}{\gamma})} \Vert f \Vert _{p,\Phi _{-1}} \Vert a \Vert _{q,\widetilde{\Psi}}. $$\end{document}$$

\(ii\) For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta=1$\end{document}$ in ([20](#Equ20){ref-type=""}), we obtain the following inequality with the non-homogeneous kernel: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty} \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho}{(U(x)\widetilde{V}_{n})^{\gamma}} \biggr] a_{n}f(x)\,dx< \frac{\rho^{\sigma /\gamma }\pi}{\sigma\sin(\frac{\pi\sigma}{\gamma})} \Vert f \Vert _{p,\Phi_{1}} \Vert a \Vert _{q,\widetilde{\Psi}} . $$\end{document}$$

\(iii\) For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widetilde{\mu}_{n}=0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in\mathbf{N}$\end{document}$) in ([20](#Equ20){ref-type=""}), we have the following inequality: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty} \int_{0}^{\infty}\ln \biggl[ 1+\frac{\rho }{(U^{\delta }(x)V_{n})^{\gamma}} \biggr] a_{n}f(x)\,dx< \frac{\rho^{\sigma/\gamma }\pi}{\sigma\sin(\frac{\pi\sigma}{\gamma})} \Vert f \Vert _{p,\Phi_{\delta }} \Vert a \Vert _{q,\Psi}, $$\end{document}$$ where the constant factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{\rho^{\sigma/\gamma}\pi}{\sigma \sin(\frac{\pi\sigma}{\gamma})}$\end{document}$ is still the best possible. Hence, inequality ([20](#Equ20){ref-type=""}) is a more accurate form of ([53](#Equ53){ref-type=""}) (for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\widetilde {\mu}_{n}\leq\frac{\mu_{n}}{2}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in\mathbf{N}$\end{document}$).

\(iv\) For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(x)=\mu_{n}=1$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\mathbf{R}_{+}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in\mathbf{N}$\end{document}$), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta=-1$\end{document}$ in ([53](#Equ53){ref-type=""}), we have the following inequality: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{n=1}^{\infty}a_{n} \int_{0}^{\infty}\ln \biggl[ 1+\rho \biggl( \frac{x}{n} \biggr) ^{\gamma} \biggr] f(x)\,dx \\& \quad = \int_{0}^{\infty}f(x)\sum_{n=1}^{\infty} \ln \biggl[ 1+\rho \biggl( \frac{x}{n} \biggr) ^{\gamma} \biggr] a_{n}\,dx \\& \quad < \frac{\rho^{\sigma/\gamma}\pi}{\sigma\sin(\frac{\pi\sigma }{\gamma })} \biggl[ \int_{0}^{\infty}x^{p(1+\sigma)-1}f^{p}(x)\,dx \biggr]^{\frac {1}{p}} \Biggl[\sum_{n=1}^{\infty}n^{q(1-\sigma)-1}b_{n}^{q} \Biggr]^{\frac{1}{q}}, \end{aligned}$$ \end{document}$$ which is a particular case of ([8](#Equ8){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda=0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda _{1}=-\sigma$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{2}=\sigma$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{\lambda}(x,n)=\ln [ 1+\rho ( \frac{x}{n} ) ^{\gamma} ] $\end{document}$.

We still can obtain some inequalities with the best possible constant factors in Theorems [1](#FPar10){ref-type="sec"}-[4](#FPar18){ref-type="sec"}, by using some particular parameters.

Conclusions {#Sec5}
===========

In this paper, by means of the weight functions, the technique of real analysis and Hermite-Hadamard's inequality, a more accurate half-discrete Hardy-Hilbert-type inequality related to the kernel of logarithmic function and a best possible constant factor is given by Theorems [1](#FPar10){ref-type="sec"}-[2](#FPar12){ref-type="sec"}. Moreover, the equivalent forms and the operator expressions are considered. We also obtain the reverses and some particular cases in Theorems [3](#FPar16){ref-type="sec"}-[4](#FPar18){ref-type="sec"}. The method of weight functions is very important, which is the key to help us proving the main inequalities with the best possible constant factor. The lemmas and theorems provide an extensive account of this type of inequalities.
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